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MATH 303: ADVANCED REAL ANALYSIS I : (r

DEPARTMENT OF MATHEMATICS,
AHMADU BELLO UNIVERSITY, ZARIA
First Semester Examination 2023/2024 Session
MA.TH 303: Advanced Real Analysis 1

INSTRUCTION: Answer Any FOUR (4) questions DURATION: 2 HOURS

(a) Define a metric space and show that (c([a, b]), p) is a metric space, where c([a, b]) is the
space of all continuous real valued functions defined on [a, b] and p is a function defined on
c([a, b)) by p(f, §) = (fiB(If (1) — g(O)} withf, g € c([a, bD).

(b) Show that (c, p) is a complete metric space, wherc ¢ is the set of all convergent sequence of

rea] numbers and p is defined as p(x, y) = sup {Jx; — y|:i € N}

(a) Define an open set in a metric space (X, p) and show that every open ball is an open sct.

(‘b) Show that an arbitrary union of open sets in (X, p) is open set in (X, p).

, PY i A
‘('a) Define a cluster point of a subset F of a metric space (X,p) and show that,thp,z}}‘}?g’{r!a}}’t
intersection of closed set is closed.

(b) Shdw that x € F if and only if there exists a sequence (x,) in F such that (x,) converges to

xasm = oo, T

(a) Define a complete metric space and show that a subset A of a complete metric space is closed

if and only if A is complete.
(b) If (X, p) is a complete metric space and.(F,) is a decreasing sequence of closed sets in (X, p)

such that diam(F,)— 0 as n — oo, then show that  F, consist of exactly one point. - »:hic oy

(a) Define an interior point of a subset A of a metric space and show that int(A) is open, where
int(A) is the set of all interior point of A. | \
(b) If f is a mapping from a metric space (X,p) to a metric space (Y,d), show that f is
continuous at a point xo € X if and only if for every sequence (x,,) in X converging to Xo, f (x5)

converges to f(xp)inY asn — oo,

Define a fixed point of a metric space (X,p) and show that every contraction mapping on a
complete metric space has a unique fixed point. '
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